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Abstract. Using a delay-differential equation model, we simulate the solar
dynamo. We find that solar-like dynamo solutions exist in certain parameter regimes for which the dynamo number is less than or about equal to
−3 (|ND | > 3, ND < 0) and that sunspot cycle periods of 11 years can
be reproduced with the parameter values set at a magnetic diffusivity of
η = 3.5 × 1012 cm2 /s and a total time delay of approximately 2.8 yr.
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1.

Introduction

When using a magnetohydrodynamic dynamo to model the solar cycle, it is generally
agreed upon that differential rotation is responsible for the transformation of poloidal
magnetic field into toroidal field, termed the Ω-effect (Charbonneau 2010). Of the
many proposed scenarios for the α-effect, the corresponding regeneration of poloidal
field from toroidal field, one that reproduces many characteristics of the solar sunspot
cycle is the Babcock-Leighton mechanism (Charbonneau 2010). The defining characteristics of a Babcock-Leighton dynamo are: the eruption of toroidal flux tubes
producing sunspot pairs, which are also called bipolar magnetic regions, in both the
northern and southern hemispheres. The sunspot pairs erupt tilted relative to the eastwest axis. The effects of diffusion and meridional circulation lead to the flux of the
leading polarity spots largely canceling across the equator, and a net accumulation of
trailing polarity flux being advected to the respective pole. Over time, this accumulation of trailing polarity flux dominates the polar cap and is advected below the solar
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surface by an as yet unobserved equatorward flowing component of the meridional
circulation. Once below the surface, this flux is acted upon by differential rotation to
produce the toroidal field, but this time with the leading sunspots having the opposite
magnetic orientation when compared to the leading sunspots of the previous cycle.
The simplified dynamo model discussed in Wilmot-Smith et al. (2006) uses time
delays, illustrated in their Fig. 1, to represent the time necessary for poloidal flux to
be transported to the source layer for the Ω-effect (T 0 ) and toroidal flux to be brought
to the source layer for the α-effect (T 1 ). As the time delays represent the amount of
time necessary for flux to be transported between the spatially separated source layers,
they mimc the magnetic flux transport processes involved in the dynamo. The goal of
the model is to solve for the behavior of the toroidal field, Bφ and the poloidal field,
expressed as the curl of the vector potential, ∇ × (Aêφ ), via the following equations
dBφ (t) ∆ω
Bφ (t)
=
A (t − T 0 ) −
dt
L
τ

(1)

and

h
i
dA(t)
A(t)
= αo f Bφ (t − T 1 ) Bφ (t − T 1 ) −
.
(2)
dt
τ
In these equations ∆ω is the difference between the angular velocity at the equator and
at the pole, L is a relevant length scale, τ is the diffusion timescale, f [Bφ (t − T 1 )] is a
quenching function, and αo is the magnitude of the α-effect. The diffusion timescale
is given by
L2
τ=
(3)
η
in which η is the magnetic diffusivity. Lastly, the quenching function has the following
form:
n
h
io n
h
io
h
i
1 + erf B2φ (t) − B2min 1 − erf B2φ (t) − B2max
f Bφ (t) =
(4)
4
in which Bmin is the value of the toroidal field below which flux tubes do not become
buoyant and Bmax is the value of the toroidal field above which the α-effect does not
act. Fig. 1 is a plot of the quenching function, showing the range over which it is
non-zero (the forcing region).

2. Methodology
All simulation data were obtained using the MATLAB delayed differential equation
solving package, ddesd. This package requires that values of the fields be specified
for a period of time before t = 0 that is the larger value of T 0 or T 1 . In all cases, the
numerical values of both historical fields were set to the average value of Bmin and
Bmax . The parameter values were set to: L = 0.3 R ≈ 2.1 × 1010 cm; τ = 4 years,
which, with the value of L, corresponds to η ≈ 3.5×1012 cm2 /s; ω ≈ −895×10−9 rad/s;
αo ≈ 12.4 cm/s; Bmin = 1 kG; Bmax = 50 kG. In order to represent variations in
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Figure 1. Plot of the quenching function given in equation 4 over the entire forcing region.
Bmin and Bmax are 1 kG and 50 kG, respectively.
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Figure 2. Plots of the behavior of the poloidal and toroidal fields with time, obtained using the
parameters mentioned in the text with a total time delay of T D = 2.8 years.

the transport speed, T 0 was allowed to vary while T 1 , representing transport time to
the source layer for the α-effect, was held at a constant of 0.25 year. Therefore, all
variations in the total time delay, T D = T 0 + T 1 , are due to variations in T 0 .

3.

Results

Typical results for the variation of the fields with time are shown in Fig. 2. The
poloidal field has been scaled up by a factor of 60 for ease of comparison. Fig. 3
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Figure 3. A plot of period of the sunspot cycle vs. the total time delay. A period of approximately 11 years was obtained with a total time delay of about 2.8 years (T 0 = 2.55 years and
T 1 = 0.25 years. The other parameter values were τ = 4 years, L = 0.3 R , αo ≈ 12.4 cm/s,
∆ω ≈ −895 × 10−9 rad/s, Bmin = 1 kG, Bmax = 50 kG.

shows the variation of the cycle period with total time delay. Sunspot cycles with a
period of 11 years can be obtained with a total time delay of about 2.8 years.

4. Discussion
While the sunspot cycle is dominated by a period of 11 years, we found that time delays that yield comparable cycle periods agree more closely with the turbulent pumping timescale mentioned in Karak & Nandy (2012). The interesting dynamic behavior
around T D = 2.3 years in Fig. 3 is an area for further study.

Acknowledgements
We would like to acknowledge funding from the NASA Living With A Star program
and the Ramanujan Fellowship from the Department of Science & Technology, Government of India.

References
Charbonneau P., 2010, LRSP, 7, 3
Karak B. B., Nandy D., 2012, ApJ, 761, L13
Wilmot-Smith A. L., Nandy D., Hornig G., Martens P. C. H., 2006, ApJ, 652, 696

